Abstract. Due to their strict photon-number correlation, the twin beams produced in parametric down-conversion (PDC) work well for heralded state generation. Often, however, this state manipulation is distorted by the optical losses in the herald and by the higher photon-number contributions inevitable in the PDC process. In order to find feasible figures of merit for characterizing the heralded states, we investigate their normalized factorial moments of the photon number that can be accessed regardless of the optical losses in the detection. We then perform a measurement of the joint photon statistics of twin beams from a semiconductor Bragg-reflection waveguide with transition edge sensors acting as photon-number-resolving detectors. We extract the photon-number parity of heralded single photons in a loss-tolerant fashion by utilizing the moment generating function. The photon-number parity is highly practicable in quantum state characterization, since it takes into account the complete photonnumber content of the target state.
Introduction
The process of parametric down-conversion (PDC), which generates pairs of photons, has proven to be expedient for heralding single- [1, 2] as well as higher photon-number states [3] [4] [5] . When pumped with a bright laser, the twin beams from the PDC process inevitably include higher photon-number contributions, the characteristics of which have been investigated in the past via the normalized Glauber correlation functions [6] [7] [8] . Luckily, these correlation functions also provide valuable information of the PDC process parameters [9] . Alternatively, the higher-order moments can be extracted from the joint photon-number distribution of the twin beams [10, 11] . Moreover, such direct measurements of their joint photon statistics also deliver access to the non-classicality of different classes of heralded states [12, 13] .
Due to the experimental imperfections, like the optical losses both in the state manipulation and target state detection, the measured photon statistics are often degraded and the fragile quantum features are lost [14, 15] . In order to decouple the effect of these two loss contributions one can investigate the target state properties with the help of the normalized factorial moments of the photon number that can be extracted independent of the detection losses. Therefore, higher-order moments are routinely used for loss-independent verification of the quantum characteristics of radiation fields [16] [17] [18] [19] . Additionally, when combined with the loss-tolerant determination of the mean photon number of the studied target state, this method can be employed for a more direct quantum state characterization via the so-called moment generating function [20] , which provides, for example, access to the individual photon-number contributions and even to the photon-number parity [21] [22] [23] [24] .
Until today, only few (non-commercial) photo-detectors provide true photonnumber resolution at the single-and few photon level. Such detectors are, for example, the visible light-photon counter [4] and the superconducting transition-edge sensor (TES) [25, 26] . The latter is a very sensitive calorimeter working at the transition edge between the superconducting phase and the normal phase. Apart from being practicable in photon counting, that is, reconstructing the photon statistics of the measured light [27] [28] [29] , the TES-based detectors have also been employed in spectral measurements due to their excellent energy resolution [30] . Besides, a quantum optical tomography of the TES has verified its ability to work as a linear photon counter without spurious noise contributions [31] .
Here, we employ a Bragg-reflection waveguide (BRW) fabricated of AlGaAs to generate broadband type-II PDC emission with a moderate photon-pair correlation [32, 33] for producing heralded single photons [34] . Importantly, we use TES-based photon-number-resolving detectors for measuring the emitted joint photon statistics of twin beams. To easily visualize the characteristics of the heralded states we first theoretically investigate their higher-order moments in terms of the optical losses in the herald and the mean-photon number of the PDC emission [35, 36] , both of which are easily accessible in a measurement. Thereafter, we explore the loss-tolerant reconstruction of the photon-number parity via the moment generating function providing a boundary for the reliable state reconstruction region in a real experiment. Altogether, our investigations provide insight in the suitability of the twin-beam based photon-pair sources to heralding tasks. Further, we provide a direct connection between the heralded state quality and the important parameters of the state generation and manipulation. We believe that our straightforward method for the loss-tolerant reconstruction of the photon-number parity can become practical in quantum state characterization.
Theory
We start by investing heralding as sketched in Fig. 1 with a well-behaved PDC process, which generates perfectly photon-number correlated twin beams called signal and idler. This state can be expressed as
in which n denotes the photon number in signal (s) and idler (i) and |λ| 2 n is the weight of each photon-number contribution. Given PDC with a mean photon number of ñ , the weight distribution in Eq. (1) is thermal i.e. |λ| 2 n = ñ n /(1 + ñ ) 1+n , if it emits into a single mode (SM) [37] , and turns into Poissonian i.e. |λ| 2 n = exp (− ñ ) ñ n /n!, if the PDC emission is highly multimodal (MM) [38] . In order to extract the characteristics of the heralded target state (here signal), we trace (Tr) the density matrix s i = |ψ ψ| over the herald (here idler) as
in which the operatorsΠ Parameters involved in heralding with well-behaved PDC. The mean photon number of the PDC emission ñ is proportional to the optical pump power P . The twin beam, which is used as herald, is detected with a lossy photon counter that is modeled by placing a beam splitter with the transmittance η corresponding to the heralding efficiency in front of an ideal detector that projects the state onto the photon number basis |n n|. The heralded target state with a mean photon-number of n is prepared in the other twin beam whenever a herald is detected.
given as a projection to the photon number basis spanned by the photon-number states |n and the probability of the n-th photon-number contribution can be expressed as p(n) = Tr s { |n s s n|}.
A loss-degraded photon-number resolving detector (σ = n) used in heralding can be described byΠ
in which η denotes the detector efficiency. For comparison we also examine the lossdegraded bucket-detector at heralding (σ = click or no click ), whose properties are ideally given byΠ
For heralding single photons we can either choose σ = 1 [Eq. (3)] or σ = click [Eq. (4)]. These are plugged into Eq. (2) and we calculate the resulting photon statistics. After that we employ the normalized factorial moments of the photon number for the state characterization. These moments can be extracted from the photon statistics via [20, 21] 
withn = n n |n n| being the operator delivering the mean photon-number and : : denoting the normal-ordering of operators. In Fig. 2 we illustrate the g (2) -function of the heralded target states in both investigated cases in terms of the heralding efficiency and the mean photon-number of the PDC emission. The differences in the target state characteristics when heralded either with a true photon-number resolving detector in Fig. 2 (a) or with a bucket detector in Fig. 2 (b) are clearly visible. It is still possible to achieve g (2) ≈ 0, with either heralding methods regardless of the heralding efficiency if the mean photon number of the PDC emission, i.e. the pump power is kept low. Additionally, the results for SM and MM PDC emission provide boundaries for the achievable g (2) -values with well-behaved real PDC sources. Most interestingly, however, we see that a true photon-number resolving detector provides advantages over the bucket-detection and can clearly help suppressing the effect of the higher photon-number contributions if a high heralding efficiency exceeding about 0.7 is achieved, which helps keeping g (2) ≤ 0.5 until ñ ≈ 1 for both SM and MM PDC. Further, we note that when regarding the generation of higher photon-number states with true photon-number resolving detectors the situation remains very similar as for heralding single photons: thus, either a very low pump power or a high heralding efficiency is required in order to be able to generate the desired photon-number content in the heralded target state. (5), when conditioned with a measurement of (a) one photon with a photon-number resolving detector and (b) a single click with a bucket detector in the herald. Since the latter can only resolve between click and no click, it heralds in all cases in which one or more photons impinge on it. Orange and blue surfaces as labeled in the figure illustrate the behavior of SM and MM PDC emission, respectively.
The higher-order normalized factorial moments provide an interesting insight into the state characteristics, and they are connected to the so-called moment generating function [20, 21] 
given in terms of a real-valued variable 0 ≤ µ ≤ 2 related to the operator ordering. Here, we are merely interested in reconstructing the quantum state characteristics via the right-hand side of Eq. (6) . For that purpose, apart from knowing the higher order normalized moments also the mean photon number of the target state n needs to be measured loss-tolerantly. In general, the mean photon number can be corrected simply by dividing the measured, loss-degraded mean photon-number of the target state with the efficiency, with which it is being detected [20, 23] . Looking further into Eq. (6), the value of the moment generating function at µ = 2 delivers the photon-number parity, for which −1 ≤ M (2) ≤ 1. Being the difference between the weights of the even and odd photon-number contributions, the photon-number parity is an important figure of merit in quantum optics [39] . A negative photon-number parity-ideally taking the value of M (2) = −1 for single photons-offers a more stringent criterium of the state's non-classicality than the higher order moments do [40] . Especially, the non-classicality criterium g (2) < 1, which can be related to the width of the photon-number distribution being sub-Poissonian, is commonly employed only to indicate to which extent photonnumber contributions higher than or equal to two are existent.
We note that extracting the photon-number properties via the alternating sum on the right side of Eq. (6) may not necessarily converge, if the values of the normalized factorial moments grow strongly with increasing order of m, like for thermal states. However, when regarding certain quantum optical states such as single photons it can be practical. In Fig. 3 we investigate the reconstruction of the photon-number parity . In (d) we illustrate the photon-number parity and in (e) the target state preparation probability in terms of the heralding efficiency and mean photon number of PDC emission. While (d) highlights the necessity to control both these parameters in order to approach the desired value of −1, our results in (e) show the regions, where heralding is most efficient.
of single-photon states heralded from MM PDC. We first calculate the target state characteristics at a low heralding efficiency comparable to the one in our experiment. By combining the mean photon number of the heralded state in Fig. 3(a) with the normalized factorial moments in Fig. 3(b) , the photon-number parity can be reconstructed. As illustrated in Fig. 3(c) the useful reconstruction range for the photonnumber parity strongly depends on the order of the highest recorded moment. Second, we perform a calculation of the photon-number parity also at higher heralding efficiencies in Fig. 3(d) , which highlights its usefulness as a figure of merit of the heralded state quality and, when mapped in terms of the parameter space (η, ñ ), it denotes the regions, in which high quality single photons can be created. In contrast to the often employed photon-number fidelity, which only includes the targeted photon-number contribution, the photon-number parity also includes information of the undesired higher photon-number contributions. Finally, Fig. 3(e) illustrates the target state preparation probability determined as Tr si {(|1 s s 1| ⊗Π n=1 ) s,i } = η|λ 1 | 2 , which denotes the probability of the successful heralding with the desired outcome in the target state. Although we found out in Fig. 3(d) that high quality target states can also be prepared at low values of ñ , Fig. 3(e) shows that the state preparation in this region is very rare. As expected, the region of enlarged yield lies at high heralding efficiencies close to ñ = 1.
Experiment
The investigated ridge BRW has a width of 4.5 µm and a length of 1.7 mm. Our BRW incorporates the structure first presented in [41] and supports a collinear type-II PDC process. Thence, the pump photons in the Bragg-mode, which is a higher-order spatial mode, split in to cross-polarized signal and idler photons both in total-internal reflection modes. Our BRW samples are grown with molecular beam epitaxy and the ridges are patterned by high-resolution electron beam lithography followed by reactive-ion plasma etching. The BRWs are etched just above the core and finally passivated with a polymer on top. The cleaved waveguide facets are kept uncoated.
In our experiment depicted in Fig. 4 (a) we use a picosecond pulsed Ti:Sapphire laser with a central wavelength close to 771 nm and about 0.5 nm full-width-at-halfmaximum as the pump for the PDC process. The pump beam is sent through an acusto-optic modulator (AOM) in order to reduce its repetition rate to 78 kHz and the pump power is controlled with a variable neutral density filter (NDF). Thereafter, the pump beam is sent through a polarization-maintaining single-mode fiber to the BRW setup. We use a half-wave plate (HWP) and a removable sheet polarizer (not shown) for selecting the proper pump beam polarization. After passing through a short pass filter (SPF), the pump beam is coupled to the BRW for producing PDC with an aspheric lens (AL) having a focal length of approximately 3 mm.
Another AL collimates the PDC emission from our BRW, after which the pump beam is separated from the beam path with a dichroic mirror (DM). Thereafter, the PDC emission is sent through a long pass filter (LPF) as well as a 12 nm broad bandpass filter (BPF) centered close to the degeneracy wavelength of 1542 nm, which we previously measured via the second-harmonic generation. Signal and idler then pass through another HWP and get separated in a polarizing beam splitter (PBS). Finally, we couple the individual twin beams into single-mode fibers with ALs having about 16 mm fixed focus, with which we achieve 50% coupling efficiency near 1550 nm. After that signal and idler are recorded with two TESs optimized for photo-detection in the telecommunication wavelength range [25] .
The two-channel photon-number-resolving detector system includes two TESs as central detector elements. Each TES consists of a thin film of tungsten embedded in a multilayer structure, in which the individual photons are absorbed [42] . Our TESs are kept in a demagnetization refrigerator close to 100 mK with a holding time of about one day [26] . The individual TESs reach detection efficiencies above 60 % and 70 %, which were measured with a modulated continuous-wave laser in the telecommunication wavelengths. Finally, the TESs responses are amplified with superconducting quantum interference devices [43] before the detected traces are digitized with an analog-to-digital converter as shown in Fig. 4(b) . A histogram of the raw events detected by an individual Fig. 4(c) clearly shows vacuum, one-and two-photon contributions in a twin beam. Further, we utilize time gates of about 1.5 µs as illustrated in Fig. 4(d-e) to reduce background events from the rather strong photoluminescence coming from the BRW wafer material [see Fig. 4(b) ]. The electrical trigger from the AOM is delivered for the synchronization of the measured traces. In order to acquire the joint photon statistics as illustrated in Fig. 4 (f) we record maximally (6.6 − 9.8) · 10 6 traces corresponding to effective measurement times from 84 s to 125 s.
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Results
Due to the strong spectral correlation between signal and idler our BRW produces by definition MM PDC emission [33, 44] . As we are only interested in the photon-number degree of freedom, our BRW is suitable for the investigations, and we measure the joint-photon statistics of the PDC emission by varying the pump power. To prove that photon-pair generation takes place, we first investigate the signal-idler correlation with the coincidences-to-accidentals ratio (CAR), which can be extracted loss-independently from the measured loss-degraded joint photon statistics (see Appendix A). Our results in Fig. 5(a) show, as expected, a decreasing photon-pair correlation with increasing pump power. Indeed, a value CAR > 2 is required to verify that the correlation between signal and idler is stronger that of a thermal light source. We achieve a maximum of CAR = 8.2(3) that is well above this limit. Moreover, the photon-pair correlation provides a direct loss-independent access to the mean photon number of the PDC emission, which can be estimated in the MM case via CAR = 1 + 1/ ñ [33, 45] . This is shown for our data in the inset in Fig. 5(a) delivering ñ = 0.139(5) . . . 2.13 (9) for the range of the measured pump powers and providing in our case the lower limit for the mean photon number of the PDC emission.
We then investigate the characteristics of the higher-photon number contributions (10) . An exponent of −1 is expected for a well-behaved MM PDC process without spurious counts [46] . The dotted line highlights the value of unity expected for two completely independent photon fluxes. The inset in (a) shows the extracted mean photon-number of the PDC emission vs. pump power. (b) Evaluated g (2) -values of the heralded states in terms of the mean photon-number of the PDC emission for both signal (blue diamonds) and idler (red squares), when the other twin beam is used as herald. The solid line is the theoretical prediction for g (2) from Fig. 3(b) . The inset in (b) shows the Klyshko efficiencies of signal and idler [47] , which are evaluated as the ratio of coincidence counts to singles counts in the other twin beam, and are used as an estimate for the heralding efficiency.
of the heralded target states gained from the joint photon statistics when conditioned on measuring one photon with the TES in the heralding arm. In Fig. 5(b) we illustrate the evaluated g (2) -values of the heralded states both in signal and idler in terms of the extracted mean photon-number of the PDC emission. As expected, at low heralding efficiencies [see inset in Fig. 5(b) ], the extracted values of g (2) increase quickly with respect to the growing mean photon number of the PDC emission. Moreover, the measured values agree well with the theoretical prediction in the MM-case. In our case the preparation of high quality heralded states is strongly limited to the low values of ñ , i.e. to the low pump powers, due to the modest heralding efficiency achieved. To improve the heralding efficiency a better suppression of spurious counts via more stringent time-gating [46] , a more efficient coupling of the total-internal reflection modes into the single-mode fibers, and a reduction of the BRW's internal losses is required [48] . Nevertheless, the preparation of single photons with close to the desired photon-number content is in our case still possible, if the mean photon-number of the PDC emission is kept low.
Therefore, in order to extract the photon-number parity of the heralded states via the moment generating function, we perform a second set of power dependent measurements of the joint photon statistics at low pump powers. Again, we evaluate the signal-idler correlation as shown in Fig. 6(a) . At the lowest pump power we achieve a CAR of 12.6(2) limiting the mean photon number of the PDC emission to ñ = 0.086(2). In Fig. 6(b) we illustrate the extracted g n = 1.086 (2) . Indeed, both of these figures of merit reflect the existing higher photonnumber content in the heralded state.
Due to the low yield and the limited acquisition time in our experiment, we have at the lower pump powers experimentally access only to the second-order normalized factorial moment of the heralded states. In order to loss-tolerantly evaluate their photon-number parity, we truncate the summation in Eq. (6) to m = 2. This delivers M (2) ≈ 1 − 2 n + 2 n 2 g (2) , to which the data from Fig. 6(b) is plugged and the extracted values for M (2) are shown in Fig. 6(c) with respect to the mean photon number of the PDC emission. Even if only the second-order normalized moment has been measured, a negative photon-number parity can be reconstructed upto ñ 0.4 for well-behaved MM-PDC at low heralding efficiencies as shown by the dash-dotted line in Fig. 6 (d) and our results nicely follow this tendency. At the lowest pump power we can reconstruct the photon-number parity of −0.68 ± 0.08 for the heralded state. However, one clearly sees that the truncation of Eq. (6), which is necessary due to the experimental limitations, causes distortion from the theoretical expectation.
Conclusions
We measured the joint photon statistics of twin beams generated via parametric downconversion in Bragg-reflection waveguides with transition-edge sensors, which are true photon-number resolving photon counters. We showed that the normalized factorial moments of the photon number are expedient for providing an easy access to the heralded state characteristics in terms of the parameter space spanned by the mean photon-number of the PDC emission and the heralding efficiency. By combining the measured second-order normalized moment of the heralded single photon with its mean photon-number corrected for experimental imperfections, we were able to reconstruct its negative photon-number parity. We believe our experimental method can become powerful in order to loss-tolerantly investigate the characteristics of also more sophisticated states, like higher photon-number states. Additionally, our scheme is not limited to true photon-number resolving detectors but can also be implemented with bucket detectors connected to cascaded optical beam-splitter networks, which are also capable of measuring higher-order moments.
